Abstract. In §8.3 of our paper "Duality and Flat Base Change on Formal Schemes" some important results concerning localization and preservation of coherence by basic duality functors were based on the false statement that In Proposition 8.3.1 of our paper [DFS], the duality functors f ! and f # associated to a pseudo-proper map f : X → Y of noetherian formal schemes (i.e., right adjoints of suitable restrictions of the derived direct-image functor Rf * ) are asserted to be local on X, as a consequence of flat base change. Moreover, in Proposition 8.3.2 it is asserted that (roughly speaking) f # preserves coherence. Brian Conrad pointed out that our justifications are deficient because they use the claim 8.3.1(c) that a map between noetherian formal schemes that can be factored as a closed immersion followed by an open one can also be factored as an open immersion followed by a closed one, which is not true in general.
In Proposition 8.3.1 of our paper [DFS] , the duality functors f ! and f # associated to a pseudo-proper map f : X → Y of noetherian formal schemes (i.e., right adjoints of suitable restrictions of the derived direct-image functor Rf * ) are asserted to be local on X, as a consequence of flat base change. Moreover, in Proposition 8.3.2 it is asserted that (roughly speaking) f # preserves coherence. Brian Conrad pointed out that our justifications are deficient because they use the claim 8.3.1(c) that a map between noetherian formal schemes that can be factored as a closed immersion followed by an open one can also be factored as an open immersion followed by a closed one, which is not true in general.
1 Indeed, Conrad observed that for any (A, x, p) with A an adic domain, x ∈ A such that B := A {x} is a domain, and p a nonzero B-ideal contracting to (0) in A, the natural map Spf(B/p) → Spf(A) is a counterexample. Such a triple was provided to us by Bill Heinzer:
With w, x, y, z indeterminates over a field k, set
Let P be the prime ideal (w, z)A and R := AP ⊂ BPB = : S, so that R ⊂ S are twodimensional regular local domains such that the residue field of S (i.e., the fraction field
the fraction field of k[x][[y]]).
Then [HR, p. 364, Theorem 1.12] says that there exist infinitely many height-one prime S-ideals in the generic fiber over R. Any of these contracts in B to a (prime) p as above.
Our purpose here is to validate the aforementioned Propositions by means of a "localization" Lemma (1 below). Thus all other results in [DFS] depending on these Propositions remain as they are. (No other results depend on the faulty 8.3.1(c).)
However, Proposition 8.3.1 is weakened in that we get isomorphisms which are not a priori functorial or canonical at the level of derived categories but only at the level of homology sheaves. This drawback does not affect the applications.
(Derived functoriality and canonicity might well be attainable, for example through a suitable variant-if such exists-of compactification of separated pseudofinite type maps of noetherian formal schemes.)
Notation and terminology are as in [DFS] (which has an index starting on p. 125). For example, with I Y an ideal of definition of the noetherian formal scheme Y and [DFS, p. 54, 5.2.10] . 
Lemma 1. Let
such that the induced homology isomorphisms are canonical and functorial.
Proof. Recall that f ! is the notation used for f × t when f is pseudo-proper, and that
where the second is obvious and the other two are given by [DFS, Corollary 6.1.5] , show that it suffices to establish the first isomorphism in Lemma 1.
are ideals of definition of the formal scheme U, possibly different. For each n > 0 let u n : U n → U be the closed immersion determined by I n (so that U n is an ordinary noetherian scheme with the same underlying topological space as U, but with structure sheaf O U /I n ). The desired isomorphism results from the existence-to be shown-of a family of isomorphisms
compatible with the homotopy colimit triangles given by [DFS, Lemma 5.4 .1, Proposition 5.2.1(a), and Example 6.1.3(4)], for k ∈ {1, 2}:
For, a basic property of triangles is that such a family of isomorphisms extends (not necessarily uniquely!) to an isomorphism between the "summits" q
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Although the isomorphisms (1) will be canonical, it does not follow that their extension to the summits is. However the i-th homology
, and so we will have produced canonical functorial homology isomorphisms
Digression. The definition of (1) and compatible with open base change in the sense that for any noetherian-scheme map
with h, h open immersions and f , f proper-so that in the associated noetherianscheme diagram
is an open and closed immersion-the following natural diagram of isomorphisms commutes:
For the construction of ! see [De, p. 318, Prop. 3.3.4] . To verify the hypotheses there, one needs Nagata's theorem that any finite-type separable map of noetherian schemes admits a factorization of the form f h as above; and one needs to prove the cited Theorem 2 in [Ve] without assuming finite dimensionality of the schemes involved. For the former, see [Lü] and [Co] . For the latter, see [Ne, §6] (keeping in mind the equivalence of categories given by [Ha, p. 47, Prop. 4.8]) , which treats the case-sufficient for present purposes-of open base change, or the outline for proving the general case [Li, p. 120, Cor. (4. 3)].
The above-mentioned lack of canonicity obstructs immediate extension of the pseudofunctor ! from ordinary to formal schemes, an extension whose existence would give a stronger canonical version of Lemma 1-as ! already does for ordinary noetherian schemes. (Nevertheless such an extension might always exist for reasons as yet unknown to us.)
Let us return to the proof. The isomorphisms (1) arise from applying u n * to the below isomorphisms (4), that we describe next. Consider the diagram respectively, the maps f 1n and f 2 n are induced by f 1 and f 2 respectively, the subdiagrams marked by ♦ are fiber squares, and q 1n and q 2 n are the closed immersions induced by q 1 and q 2 , respectively. The outer hexagon is then a diagram of ordinary noetherian schemes with f 1n and f 2 n proper maps, h 1n and h 2 n open immersions and q 1n and q 2 n closed immersions. Use adic flat base change [DFS, Theorem 7 .4] and pseudofunctoriality [DFS, Theorem 6.1(b) ] to obtain the natural composite isomorphism
and analogously,
Using the above-described pseudofunctor on ordinary schemes we write h * [DFS, p. 59, Theorem 6 .1] there results a natural isomorphism
We have then the natural functorial isomorphisms
Still to be shown is that the isomorphisms (1) are compatible with the triangles (2). Let u n n+1 : U n → U n+1 be the natural closed immersion, and let
be the natural map. By the definitions involved, the compatibility in question amounts to commutativity of the following diagram in the category of functors from D 
Let us deal first with the top subrectangle of (5). (The bottom one is essentially the same.) To lighten notation, we set m := n + 1.
Consider the following expansion of the left side of diagram (3), where all occurrences of "1" in a subscript have been hidden, and where all the vertical arrows represent natural closed immersions, so that for each ξ ∈ {u, v, x, y},
The squares in the middle are fiber squares, to which are associated base-change isomorphisms of the form h
with appropriate subscripts attached). With each β indicating the use of such a base-change isomorphism, and a n the natural composition
, one sees then that the top rectangle in (5) expands naturally as
with b 1n in (5) defined to be the composition of the maps in the bottom row.
It remains only to check commutativity of each of the subrectangles, which is a straightforward exercise requiring only the simplest formal properties of functoriality and pseudofunctoriality, 3 except for the subrectangle marked ( * ), where one uses the transitivity of flat base change [DFS, Lemma 7.5.2(b) ].
As for the middle subrectangle in (5) 
In this diagram only maps between ordinary schemes appear, so as before one can identify h * with h ! and define the vertical arrows via pseudofunctoriality. Proof. This is the particular case q k = identity, h k = i k , of Lemma 1. 
